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Dynamic Modeling and Cooperative
Control of a Redundant Manipulator Based on
Decomposition

Jang Myung Lee*
(Received July 24, 1997)

This paper demonstrates the use of a redundant manipulator to execute multiple tasks
specified at different points on the manipulator. This is accomplished by decomposing a
redundant arm at an intermediate arm location, called “elbow”, into two non-redundant local
arrns, referred to as the “basearm” and the forearm. This decomposition transforms a redundant
arm into a “serially linked dual-arm system,” where the cooperation between the basearm and
the forearm is carried out through the task distribution and the elbow control. To distribute a
given task to individual local arms according to their dynamic capabilities, the Cartesian space
model of a serially linked dual-arm system is derived using Lagrangian mechanics. The
Cartesian space dynamic model enables us to quantify the dynamic capabilities of individual
arms based on two hyper-ellipsoids : the Cartesian Force Ellipsoid (C. F. E) representing the
range of Cartesian forces due to the unit norm of joint torques, and Cartesian Acceleration
Ellipsoid (C. A. E) representing the range of Cartesian accelerations due to the unit norm
of Cartesian forces. In addition to the local dynamic characteristics, the global task require-
ments such as singularity avoidance, joint'torque limit avoidance, motion generation effi-
ciency, and accurate motion control, are improved by elbow control. Elbow control can also

be used to execute a subtask at the elbow, for example, obstacle avoidance.
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1. Introduction

In recent designs of robotic manipulators, a
number of extra joints are added to provide
dexterity and versatility as well as a large work-
space for the manipulator (Chang, 1986 ; Holler-
bach and Suh, 1987 ; Lunde et al., 1987 ; Sharon
et al., 1988 : Book, 1985 ; Maciejewski and
Klein, 1985). With redundancy, there exists multi-
ple sets of joint motions which correspond to a
desired Cartesian motion (task). The problem of
resolving the redundancy is equivalent to the
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problem of finding the optimal set of joint
motions which generates the desired Cartesian
motion. Many methods have been developed for
the utilization of redundancy. Most researchers
have used the generalized inverse of the Jacobian
matrix with a general performance function as a
central tool in redundancy resolution (Lee and
Lee, 1988, 1990 ; Yoshikawa, ; Hollerbach and
Suh, 1987 ; Lunde et al., 1987 ; Maciejewski and
Klein, 1985 ; Nakamura and Hanafusa, 1987 ; Li
1988), or they have defined an
extended Jacobian to obtain the corresponding

and Satry,

joint velocities.

In a previous paper (Lee and Lee, 1990), we
handled this redundancy resolution problem by
treating a redundant manipulator as two serially
linked manipulators, each being non-redundant



Dynamic Modeling and Cooperative Control of a Redundant--. 643

and defined by a predetermined intermediate
point. The paper has shown (1) how the task at
the HAND (end-effector of the forearm) and the
task at the ELBOW (end-effector of the basearm)
can be achieved simultaneously, and (2) how the
basearrm (B-ARM) can cooperate with the fore-
arm (F-ARM) for the task at the HAND. This
scheme provides a generalized concept of macro/
micro manipulator system (Sharon et al.. 1988).
That is, while there are two permanent local
manipulators in the macro/micro manipulator
system, according to our scheme, the pre-deter-
mined intermediate point divides a redundant
manipulator into two local arms dynamically.
The scheme is both promising and elegant in
terms of the kinematic control of a redundant
manipulator. However, since the task is represent-
ed in terms of Cartesian velocities, the dynamic
characteristics of each local arm have not been
considered in achieving the task specified at the
hand efficiently.

In this paper, we present a new concept of
redundancy resolution in the Cartesian accelera-
tion domain for a decomposed-redundant manip-
ulator. First, we model a decomposed-redundant
manipulator as the equivalent kinetic energy and
potential energy matrices of the two local arms,
an F-ARM and a B-ARM, in Cartesian space.
The dynamic equations of the redundant manipu-
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(a) A serially linked manipulator
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lator are derived by using this dynamic medel, in
which the interacting force between the local arms
-an inherent term in the serially linked manipula-
tor system-is explicitly represented. Based on
these dynamic equations, the task (represented in
terms of the Cartesian acceleration) is distributed
to each local arm according to each arm’s
dynamic characteristics. With the local optimal
task distribution, of the
manipulator can be
optimized at the beginning of each task segment
by elbow control (Lee and Lee, 1990) to satisfy

the configuration
decomposed-redundant

the global task requirements.
2. Preliminary

2.1 Kinematics of a decomposed-redundant
manipulator

Figure 1(a) illustrates a decomposed-redun-
dant arm represented as a serially linked manipu-
lator system composed of a B-ARM and a F
~ARM. The basic frames involved in the system
are designated as follows :

BASE : the base frame of the system or equiva-
lently, the base frame of the B-ARM ;

ELBOW : the end frame of B-ARM or equiva-
lently, the base frame of the F-ARM ;

HAND : the end-effector frame of F-ARM.
Let us first represent the joint velocity vector of a

A, AP“ g ’ F,
. e A M
U x1' x‘
" F - ARM
O B -ARM

A7

(b) Cartesian model

Fig. 1 Dynamic model of a decomposed-redundant manipulator
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redundant arm, § < R", as the combination of the
joint velocity vector of the B-ARM, §,= R*?, and
the F-ARM, g, R/ as follows :

. [0,

o= %] (1

05 )

The elbow motion, 7, generated by the B-ARM
can be described with reference to BASE by using
the Jacobian of the B-ARM, %/, :

0 0

il{ozl}ALjﬂ[éij (:0]1913) (2)

where %y, and %y, respectivly represent the linear
and angular velocities of ELBOW in Cartesian
space with respect to BASE.

Similarly, the hand motion, !z, generated by
the F-ARM can be described with respect to
ELBOW by using the Jacobian of the F-ARM,
1,

1 1 v
s o e
w2 fzw
Based on (1-3), the hand motion, y < R™, with
respect to BASE can be expressed in terms of 4,
and ¢, as follows :

0 0, . .
:|: L’}:[]1vﬁb+0]1w01,XP+0R11]2v0f:|
OC() 0]1u)0'b+0R11]2w9f
="T600+°] 70, (4a)
0
:[ o tlw XP+OR11'U2j] (4b)
()wl+[)Rllwz
=axi+ X2 (4c)
0 0
v__ DOJw 1yv
where o]b:[jl P°Ji :|’ Ojf:|: R fzjl’ a,:|:T
U]lw ORlljqu 0
o
—P 0
TP], rz:[ fl ORJIJQ, P is the position vector

from ELBOW to HAND, P< R¥® is the cross
-product operator of P (i. e, P=PXx), °R, the
rotational transformation matrix from BASE to
ELBOW, and 7 is a 3x3 identity matrix. (4c)
indicates that the hand velocity can be represent-

ed explicitly in terms of the Cartesian velocities of

B-ARM and F-ARM.

Consequently, the hand acceleration, ¥, with
reference to BASE can be derived by taking the
time derivatives of both sides of (4b) :

e,

0 .
_[ 01+'G X PHan X PR 02+ XORIIUZ}
b1+ R w2+ X R w2
0

; 0 .
R el Al Bl

0

+[ Uz}:di1+af1+jc'z (5)
0.
w2
. 0 — (P+%,) X
where P="¢, X P+ 0, d’:[ (P0+ va) :|’
0 — s X
o o
f1:[ Ul], fzz[ Lz}, OUZ"—'ORllvz,
O Or

and Oa)z:UR1lwz~

2.2 Kinematic coordination and dynamic
control

The dynamic control of a redundant manipula-
tor with more than one redundant degree of free-
dom is not suitable for real-time implementation
without an efficient computational scheme. Treat-
ing a redundant manipulator as two serially lin-
ked non-redundant manipulators reduces the
computational cost considerably (Tzafestas et al.,
1988 ; Horak, 1984). In Horak’s
(Tzafestas et al., 1988), the evaluation of velocity
and acceleration at the base of the F-ARM is
needed. Instead of the evaluated motion, the

algorithm

optimal motion can be obtained through the
kinematic resolution of redundancy (Lee and
Lee, 1990). As shown in (4a), ;7 can be expressed
explicitly in terms of g, and §,. Therefore, the
destired task, 7, can be distributed to each arm
according to its kinematic characteristics re-
presented by an actual manipulability ellipsoid
(defined by °J, and °J, respectively for each arm)
and the task requirements represented by a desir-
ed manipulability ellipsoid (Lee and Lee, 1988).
Through this task distribution, an optimal motion
at the base of the F-ARM can be determined.
With the predetermined motion trajectories of the
base and the end-effector of the F-ARM, the
dynamic equations of the F-ARM can be directly
derived by the method. The
dynamic equations of the B-ARM can also be

Newton-Euler

derived by either the Lagrangian or Newton
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-Euler method with the incorporation of the
effect of the F-ARM in the form of an external
force/moment at the ELBOW.

The dynamic equations of the virtually isolated
local manipulators are represented in joint space
as follows :

To0=Ap (6s) 0‘b'+ By (05, 9[;) (6a)
TfO:Af(gf) gf‘FBf(@f, 6f) (6b)

where A, B, and r represent the inertia matrix,
the Coriolis, centrifugal and gravity forces, and
the generalized force in joint space, respectively,
with , and , referring to the B-ARM and the F
~-ARM.

When the arms are serially linked together, the
dynamic equations of the local arms can be
derived in parallel by using each other’s
kinematic and dynamic characteristics. With the
predetermined #, and F,, the torque of the F
~-ARM, ¢, for the generation of local motion, 7,
and ¥,, can be calculated based on the classical
Newton-Euler dynamic equations. Through the
process of computing z,, the reactive force, [y,
which is transmitted to the B-ARM as the exter-
nal force, can be calculated. Therefore, the torque
of the B~ARM can be computed in parallel with

the torque of the F-ARM as follows :
Tp = 7-'b0+0]1TFR (7

where F} can be obtained by the Newton-Euler
method, and ¢/, is defined by 7,=°/;4,. Note
that 7,, can be calculated in parallel with F}%
since r,, is the joint torque of B-ARM without
the F-ARM. F,,, in Fig. | represents the external
force at the HAND.

3. Dynamic Model of a Serially Lin-
ked Manipulator

Dynamic control in real-time is very difficult
on account of the complex dynamics of redundant

manipulators. The computational bottleneck of

many advanced control schemes is the algorithm
for the computation of the actuator torques which
are required to produce desired joint accelera-
tions for a given set of joint velocities and angles.
The decomposition of a redundant manipulator
may produce a considerable reduction in the

computational cost. However, complex dynamic
interactions exist between the local arms, which
need to be analyzed to accomplish dynamic coor-
dination of the local arms.

3.1 Cartesian space dynamic model
To derive the
decomposed-redundant manipulator, we model

dynamic equations of a
each local manipulator in Cartesian space as an
equivalent kinetic energy matrix, /1, and an
equivalent potential energy matrix, Ap, with a
corresponding Cartesian force vector, F'.

The dynamic equations of a manipulator der-
ived in joint space, r=A@g+ B(6. ). are
converted into Cartesian space as

F=Ax+Vix. 2) (8)
where A= (JA"'J")~' and I/ is the vector of end
-effector centrifugal, Coriolis and gravity forces.
The conversion is accomplished in keeping with
the fact that the kinetic energy of the system is the
same, whether it is derived in joint space or in
Cartesian space (Khatib, 1987). This effective
kinetic energy matrix represents the relation
between the Cartesian acceleration and the gener-
alized Cartesian force where the number of joints
is equal to the dimension of the task space.!
However, in handling the two local arms each of
which has a number of joints less than the dimen-
sion of the task space, the effective kinetic energy
matrix is not suitable. Here, we derive a more
general form of the effective kinetic energy matrix,
renamed as an equivalent kinetic energy matrix,
and also derive an equivalent potential energy
matrix, both of which can be defined regardless
of the number of the joints.

Transformation of the Kinetic Energy Matrix

The equivalent kinetic energy matrix, A, for a p
(p<6) degrees of freedom manipulator can be
obtained through the following process.

The equivalence property of the kinetic energy
in joint space and in Cartesian space is represent-
ed as

' More precisely speaking, when the realizable
Cartesian velocity subspace (Lee and Lee, 1990)
1s equal to the task space.
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TN =67A0 ©)
Where 7 1= JuxoBpui, A=JTAJ. and p< m=6.
Through the SVD, /,,,, is represented as

Se 0

]mxp:[UE UN:’mxn[O 0

} Vi, (10)
mxp

where SE:diag[Gl O‘p}-
Substituting (10) into Eq., A=J7/A], we have

A=VS:UEAUS:VT (I'1-a)

0= UiAUx (11-b)
Therefore, the equivalent kinetic energy matrix /1
can be defined as

S R N

(12)

Transformation of the Potential Energy Matrix

The equivalent potential energy matrix, /,, for
a multi-body system at the end-effector can be
obtained by transforming the potential energy of
each link to the end-effector :

p
U= Z;IZTHNJ
=x"Aeg (13)
where we take ¢=[0, 0, —9.8;/5% 0, 0, 0]7.
Therefore, to satisfy the above relation (13),

the equivalent potential energy matrix at the end
-effector is defined as follows :

p
Ap:gldz‘ag[xi(l)/x(l) 2:(2) /2 (2) -
x:(m)/x(m)]" H; (14)

where z{m) represents the m* element of the
position/orientation vector, x. Note that £ (3) is

the only essential variable such that unless x(3)
=0, Ap can be determined.

Through these equivalent energy matrices, the
kinetic energy and the potential energy of each
link is equivalently transformed to the end-ef-
fector of the manipulator. As a result, 4 manipula-
tor is modeled as an equivalent kinetic energy
matrix and an equivalent potential energy matrix
at the end-effector with an ideal force source as
shown in Fig. 1(b).

3.2 Dynamic equations of a decomposed
-redundant manipulator

With the definition of the Cartesian dynamic
model, a decomposed-redundant manipulator
(refer to Fig. 1(b)) can be characterized by the
equivalent kinetic energy matrices, A, and /s,
and the equivalent potential energy matrices, Az,
and Ap, :

Kinetic energy of B-ARM : 71=1/2x7A, 24,
Potential energy of B-ARM : Vi=z{Apg
Kinetic energy of F-ARM : Th=1/23"/1,%
Potential energy of F-ARM : V,=x"/1p.g.

Note that the F-ARM generates the motion 7,
and ¥, with respect to its base (ELBOW) and
that the actual motion at the end-effector of F
-ARM (HAND), 7 and ¥, is the aggregation of
the motions of both the B-ARM and the F-ARM,
as shown in Fig. 1(a). Note also that two in-
dependent parameters, j3; and gz, form a com-
plete set of velocity parameters of the decomposed
-redundant manipulator in Cartesian space and
thus constitute a system of generalized coordi-
nates for the decomposed-redundant manipula-
tor.

of the
decomposed-redundant manipulator, we define
the Lagrangian function L as :

To derive the dynamic equations

L=T-V
=1/23TA 21+ 1/2JETA23'c—x1T/lmg
—xTp2g (15)

where 7 and T/ are the manipulator kinetic
energy and potential energy, respectively.

The Lagrangian equations of motion for this
decomposed-redundant manipulator are

8L>A8L
Gil (91‘1

F1:d/df<

zd/dﬂzhi1+(ég% TNoit)

_ 9zl At 2" Ars) _ KE
o 9= (16a)
- oL \_dL
Fz—d/dt<&i2> Fr
T
:d””“bfﬁ*a%ﬁ?ﬁk—ag?
(16b)

where KE=1/237A21+ /227N, 2 and KE,=
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1/227 A, 0.
By using the kinematic relations among 7, 7).
and 1,
r=al1t+ I

0
94 /d41=a and ar/am:[(l) J (17)

(16a) and (16b) can be rewritten as

F=d/dt( A +a"NAz)

7 T
_ a(rlAPé;x Ap2) g— OKE/dx:
(18a)
_ 3z Ap)
_5KE2/(9.I‘2 (18b)

Taking time derivatives of the right sides of
(18a) and (18b),

F1=a/T/lzi' +/11.f1+/1.1il+a’TAzi’

we have

T T ,
NPEIW e /lpé;x Ar)
—IKE/ o, (19a)
. T
Fz:/lz.i"' +/lzl‘ 7Q(l‘a¢2)g
L2
— aKEz/ (9.12‘2 ( lgb)

Using the relation ¥ =g, + X2+ ¢ 41, which
is shown in Section 2, (19a) and (19b) are
combined in matrix form :

[Fl]:[a/r/lza/‘l“/h dTAz}[f1}+[F‘nr1j|
I e s Xy Fore '
(20)
where Fo=a"Aya 21+ A i+ (@™ At a7 A) &
s e
ol Apt " Aes) g~ 0KE /o1,

0x
. T
Nt foi =LA oK o,

The corresponding joint torques for each

and Fore=

manipulator can be calculated as :
Z'b:OflTFl
o ="JfF;

It can be seen from (20) and (21) that each arm’

(21a)
(21b)

s joint torques for the current motion are not only
dependent upon its own motion, but also upon
the other arm’s motion. This dynamic interaction
between the local arms is clearly represented by
the dynamic equations based on the Cartesian
space dynamic model. When there is an external

contacting force at the HAND of the manipula-
tor, — F,.,, extra joint torques are required to
resist the static force for each arm, and the total
joint torque for each arm is given as :

o ="J  (F\+ 1" Foxe)
ff:o]fT(FZ—"]rezt)

/] 0
her 'z[f ]
where [ I

(22a)
(22b)

4. Dynamic Resolution of Redundancy

Here, we will introduce a new concept of the
task (a desired acceleration) distribution to each
local arm according to its dynamic characteristics
which are abstracted by the Cartesian Force
Ellipsoid (C. F. E) and Cartesian Acceleration
Ellipsoid (C. A. E).

4.1 Capability of generating cartesian force
The limited joint torque range can be mapped
into a feasible range of Cartesian force. From the
Principle of Virtual Work, we have the relation
between the joint torque, 7, and the Cartesian
force, F, 1. e, r=]TF. The inverse mapping of

1

. . Jn- . .
this relation, r - F2, gives the Cartesian force

range which can be generated by the limited joint
torque range.

The joint torque ranges of each manipulator, the
B-ARM and the F-ARM, are represented as

To.min= Tn = Tb,maxs Tr.min< Tr = Tf, max-

Using the dynamic Eq. (20) with the current joint
velocities and angles, new joint torque ranges
which can be used to generate the Cartesian
acceleration are obtained :

orr = oOrT I
To,min — ]] Fnrl S Tps To,max ]1 Pnrls

or7T =4 0y7T
Tf,min jl Fnrzé ng Tromax ™ ]anrZ-

To obtain the feasible force range through the
inverse mapping, a normalized torque, r*, is
defined and denoted by

r=Wt (23)

where a weighting matrix, W=diag[ 1/ T: 1imi | E
[enxn with fi,,,-mitzmz'n(i fi,maxL | fz‘.mz‘nl)- The

2 (JT)* is the generalized inverse of J'.
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normalized torque range (hyper-cube) can be
approximated as a hyper-sphere (refer to Fig. 2)
such that the allowable torque range is represent-
ed as |7*| < 1. Now, the corresponding Cartesian

. . (ywnn-
force range through the mapping, ¢* " ~—— F*,

can be represented as a Cartesian Force Ellip-
soid :
Definition : Cartesian Force Ellipsoid (C. F. E)
A hyper-ellipsoid which represents the feasible
range of Cartesian force within the allowable
torque range, i. e., the capability of generating
Cartesian force.

H Z_*HZ:: Z'* TZ'*

= (W) (WF) (—— F=]TF*)
:F*T]WT(fo) TF*SI (24)
Definition : Realizable Cartesian Force Sub-
space derived from JW7, Rr (JWT)
Rr(JWT) S R(F*) such that VF*E R,
JWhH, Ic¥cr=ygwnHIF*
Definition : Unrealizable Cartesian Force Sub-
space derived from JW7, RF(JWT)
RFc(JWT SR (F*) such that ¥V F*e R:
UWD., Beclcr=(JWHTF*
Furthermore, R (JWT) N RF(JWT) =¢ and R,
(JWH +RFJWT =R(F™).

=
T

X
CITLJY
L.C.A,El/.
Y
L.CAE, \
Ca1¥y

-
NV

[

—
From T

Fig. 2 Task distribution through C.F.E and L.C.A.E
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With the Jacobian matrices and weighting
matrices of each arm (°J, and W, for the B-ARM,
%7, and W, for the F-ARM), the C. F. E for the
B-ARM, C. F. E,, and the C. F. E for the F
-ARM, C. F. E,, are defined as follows :

C.F.Ev: FTUKIUTFr <1 (25a)

where K\=diag[x,, x12 *+ x1,) (the inverse of
non-zero singular values of */ ;") and U,=[wuxn
Uz -+ tay) (the left-singular vectors correspond-
ing to Ky).

Note that the coeffcient matrix of the C.F.E, JW 7
(JW™, can be simply repressnted by (LK, U{,
where Ky=diag[x? x§ - x%] (Lee and Lee,
1990) .

4.2 Efficiency of generating cartesian
acceleration
The dynamic equations of the decomposed
~redundant (20), represent the
required Cartesian forces, F, and F5, for the

manipulator,

current acceleration, ¥, and ¥, Consider now
how the desired acceleration, ¥, can be generat-
ed by the Cartesian forces, fi* and F3* residing in
the realizable Cartesian force subspaces. Since the
acceleration at the hand is represented as ¥ = g%,
+ ¥,+ @11, the desired acceleration, ¥, can be
achieved by the accelerations of local manipula-
tors,

.'Ed:a’f1+.§fz (26)

where ¥ =¥,—di:

Note that the acceleration can be generated
only by the force which restdes in the realizable
Cartesian force subspace. Therefore, the accelera-
tions, ¥, and i, need to be described in terms of
Cartesian forces F7* and 3 using (20).

Definition : Interaction Cartesian Force Sub-
space, R

The Cartesian force subspace in which interac-
tions between two local arms exist such that R
=Rr (0.[1 VI/IT) N R (FAmffI/V;) .

Lemma 1. The set of basis vectors V{J of R
=Ry CJL WD N R ("], W), can be obtained
by NU=['U* FU+]*, where '[J and ‘U are
respectively the set of basis vectors of R (°J, W)

and Ry (], W), and [+ represents the set of

basis vectors for the orthogonal complement of
the subspace spanned by [J.

Proof Since R (' '], W5 =[Rp
("7, W +]L, we have
Re CL WD) N Re (D], Wo) = [Re CTy WD 1]
NIRRT, WA= R O] WD+ + Ry
(r=*jwh++
where L represents the orthogonal complement
of the corresponding subspace.
Re(C/iW) and Ry (I'""J,W.) are spanned
respectively by '{J and “{/, and, consequently, Rp
CHWD*+ Re (I ], W)+ is spanned by [+,
7U*]. Therefore, [ Re (), W) *+ R (I ] ;W3
L]+ is spanned by ['{J4, T4 (QE.D)

Note that only the force component which
resides in the interaction Cartesian force subspace
contributes to the dynamic interaction between
the local arms. Therefore, before multiplying the
a’lea+ Ay @A,

Nzt Ay

(20) to represent the accelerations in terms of

inverse of [ } to both sides of

Cartesian forces, ¢”/,%s the F} component re-
presenting the interaction force, is projected onto
the interaction subspace, R ; likewise A,a.
the F, component representing the interaction
force, is transformed to the elbow and projected
onto the interaction subspace, and is transformed
back to the hand.

Consequently, the accelerations which can be
generated by the forces residing in the realizable
Cartesian force subspaces are represented by

[‘?l]:[}ln h-lzj”:]:l*} 27)
pa) hzx /222 Fz*
hl] 1212]

where F*: “Pﬂnrs}?*:F_ ﬂ7"5|:
CEB B = B |

-1

_[ " Nea+ N1 Piya™ s
N IT'PiI ' Ao Az
operator Py =N (VT N yUNT,

Equation (27) is rewritten to represent the
Cartesian acceleration generated by the B-ARM
and by the F-ARM individually :

} , and the projection

}1‘*
Z1="hn Il [F:*] (28a)

(28b)

F*
Ia2= [1221 1’222] [F:*:|
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Substituting (28a) and (28b) into ¥,= a1+ ¥
- Fx

Ta= [(Ih11+h21 a’h12+1222:’ [:Fl*] (29)
2

Eq. (29) represents the Cartesian acceleration at
the hand generated by F* and F3* which are the
Cartesian forces to be used for the generation of
Cartesian acceleration within the allowable tor-
que range.

Generally, the local arms do not have enough
degrees of freedom to cover the task space. The
following relationships exist between the rank of
o7, W and °J, W5 and the dimension of the task
space :

r (O WD, r O < and
r O +r O WD =n>m

where the local arms are assumed to be non

(30a)

-singular, s is the dimension of task space and »
is the number of joints in the decomposed-redun-
dant mantpulator.

The dimension of the interaction Cartesian
force subspace can also be obtained by

dim (R¥Y =dim (R CJL W)
+dim (R O, WD) —m (30b)

where » (°J,W,") is the same as » ("7 W) by
Sylvester’s inequality since ['~! has full rank.

Note that dim (RI¥) = #n—m unless the local
arms are singular, and that g (R®) >n—m
when the decomposed-redundant manipulator is
singular. Eq. (30) implies that among the basis
vectors of R (°J, WD, only the ones which do
not reside in the interaction Cartesian force sub-
space, R, directly contribute to the acceleration
at the hand.

Theorem 1 : F}*, the force supplied by the B
-ARM and residing in R cannot generate any
acceleration by itself at the hand.

Proof : The acceleration generated by the B
-ARM results in acceleration at the base of the F
-ARM. When F* resides in RE,
acceleration of the elbow is absorbed as the
negative acceleration of the F-ARM if the F
-ARM does not provide the opposite force to
resist it. Therefore, 7 by itself does not contrib-
ute to the acceleration at the hand. (Q. E. D)

Each arm’s direct efficiency of generating Car-

the positive

tesian acceleration can be respectively defined
ahntha  ~

through the mapping, f* -----— ¥ and

Fp " & (refer to Eq. (29)).

Definition : Direct Cartesian Acceleration Ellip-
soid (DCAE)

A hyper-ellipsoid which represents the feasible
acceleration range at the hand corresponding to
the unit norm Cartesian force which resides in the
realizable Cartesian force subspace, i. e., the
direct efficiency of generating Cartesian acceler-
ation,

The DCAE for the B-ARM, D. C. 4. F,, and
for the F-ARM, D. C. A. E,, are defined as

D.CAE : iT Ci¥—1=0
where C\={(@hyu+ h2) (@hi+ ha) T}
D.CAE,: ¥7 Ci—1=0
where Co={(@hi2+ hz) (@hiz+ ha2) T}
Since the untt force vector on the C. F. E is
uniquely mapped onto a vector on the D. C. A. E,
a feasible acceleration vector onthe D. C. A. E is
defined as a vector mapped from a principal axis
of C.F.E,i.e, y,;of C. F. E and y,, of C. F. E,.

Definition : Direct Feasible Acceleration
Vectors, gj.¢;i
Direct Feasible Acceleration Vectors of B-
ARM : o= (ahin+ ha) ws =110 (m—f)
Direct Feasible Acceleration Vectors of F-
ARM : Goithi= (@hiz+ hoo) uzi =110 f.
Definition : Direct Feasible Acceleration Vector
Sets, 3, ¥, and 3, ¥,
where 3\ =diag[ o1 o1z -+
Zzzdiag[dzl Ozz *°
Wli[sbn (/112
ar]-
The desired acceleration i, can be achieved by
using ¥, and ¥, since rank [ ¥, ¥,] is equal to
rank [ @, W, Z4] unless dim(RF) >n—m.

Ul(m—f)]a
UZI]’
Pum-ry) and Po=[do ¢ -

4.3 Hierarchical task distribution

The highest priority of the F~ARM is effective
for an instant and provides a unique solution for
the task distribution. However, it may drive the F
-ARM to a singular configuration by heavy
loads, since it has a relatively small workspace.
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Further, the joint torques are functions of the
joint velocities and manipulator configurations,
which are highly nonlinear, so that if the task
distribution is done solely based on the direct
efficiency of generating Cartesian acceleration, it
might be the case that excessive joint torques are
required for the F-ARM.

43.1 Local efficiency of generating car-

tesian acceleration

As shown in (27), /i, and },, represent how
efficiently the local accelerations, ¥, and ¥, are
generated respectively by Fy* and 5. Therefore,
each arm’s efficiency in generating Cartesian
acceleration at the hand can be respectively defin-
ed throughthe mapping, F}* M Fand BFOF
Definition : Local Cartesian Acceleration Ellip-
soid (LCAE)

A hyper-ellipsoid which represents the feasible
acceleration range at the hand corresponding to
the unit norm Cartesian force, provided by each
local arm without considering the interactions, i.
e., the local efficiency of generating Cartesian
acceleration.

The LCAE for the B-ARM, L.C.A.E,, and for
the F-ARM, L.C. A.E,, are defined as

L.CAE: L Clii"“l—:o
where C\= (ahnhlia™) ™!

LCAE:: i7" G —1=0
where Co= (Jiz2hihy) ™!

Definition : Local Feasible Acceleration
Vectors, g;:¢;

Local Feasible Acceleration Vectors
~-ARM : g i=aliw, i=110 5

Local Feasible Acceleration Vectors
-ARM : guidni= hooutn:, =1 to f.
Definition : Local Feasible Acceleration Vector
Sets, X, &, and X, ¥,

where X, =diagloi0127 010 ],
[O'u@z"'dw]»

Ti={dndw -] and Po= [ darhon-= s

of B

of F

2,=diag

4.3.2 Dynamic task distribution

The task represented by ¥, can now be
optimally distributed to each local feasible accel-
eration vector, ¢, j=1 or 2, according to the

capability and efficiency of the manipulator in
generating ¢;,. The interaction effects, j, /% on
¥ and hn Ky on i, with other global require-
ments can be incorporated into the task distribu-
tion by the factor, y, which governs the task
-sharing between the local arms.

Task Distribution Criteria
C1 : The task is decomposed into individual

(unit) local feasible acceleration vectors propor-
tional to their g;x,; values, where y; represents
the capability of generating Cartesian force, i,
and g;,; represents the local efficiency of generat-
ing Cartesian acceleration, ¢, by ;.

C2 : A iask distribution factor, vy, is defined so
that the task-sharing between two local arms is
adjusted to the global task requirements, for
example, joint torque limit avoidance and singu-
larity avoidance.

The task distribution can be summarized as the
minimization of

2 lyr\ - /fzr'_ 2
) +21’;‘:]1(O‘21'}f21')

(31

o (1“}’) b /flz'
Cost= 2 z':zl(o'u' * X

subject to
J.Ed: DK + K. (32)

where 0<y<l, Ki=[lnke k)’ and K,=
[/f21/fzz"‘/f2f] T
This task distribution procedure is illustrated in
Fig. 2.

Calculation of K, and K,

From (32), we have
where F,E R™, U=[¥,: @le R™ 1 and
K=[K': K/]eR®/™.

The performance function, (31) can be refor-

mulated as
G=1/2[K{ K/]diaglw - ws
ZUh+1"‘LUb+f] [}I?:l:l/zKTI’V K (34)

| s

where Wi Ty for j=1, «, b} wesi=
Tour e 7a)? (o7 I=bt L b S,

To obtain K such that min G (K) subject to
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¥o= WK, let us define the Lagrangian [ (K) as
follows (Chang, 1986) :

LIK)=AF(K)+G(K) (35)
where F(K)=i,— WK and A is an ;x| La-

grangian multiplier. The condition for the
extremum, gL./0K =0, results in

Uri=w K. (36)

Assuming that we can select s linearly in-
dependent rows from ¥, (36) can be divided
into
where @l p™™ and Pl RO/ -m7m are for-
med respectively by s linearly independent rows
of ¥T and by the remaining (p+ f—m) rows of
W.
Determining A from (37a)
(37b), we have

i) " WaK = W,K (38)

Now, K can be uniquely determined by (33) and
(38).

(37a)
(37b)

and plugging into

5. Elbow Control of a Decomposed
—Redundant Manipulator

Task distribution is not feasible when the
principal axes of LCAE’s (the feasible accel-
eration vectors) cannot cover the whole task
space. This is the case when the decomposed
-redundant manipulator becomes singular, i. e.,
dim (RP) >n—m. This might be avoided by
adding some acceleration ¥, to @ K; and
~ Fewow 10 WK, without affecting the Cartesian
acceleration ¥ (= ¥, K, + W, K,) at the hand, as it
is well described for kinematic control of the
elbow (Lee and Lee, 1990).
dynamic control of the elbow cannot guarantee

However, this

the avoidance of kinematic singularities. To
resolve this situation globally, kinematic control
of the elbow can be done using the intersection
subspace of the realizable Cartesian velocity sub-
space of the B-ARM, Rx(°/,).* and the realiza-
ble Cartesian velocity subspace of the F~-ARM, R
v(°J ) *at the hand (Lee and Lee, 1990). That is,

if the B-ARM generates a certain motion 1,4 at
the hand, then the F-ARM generates — V440 tO
compensate athe B-ARM motion such that the
velocity at the hand is not affected by the elbow
control.

Two objectives can be considered in the
kinematic control of the elbow to achieve efficient
dynamic task distribution :

1. To maximize the dimension of C. F. E’s.

2. To make the shape of LCAE’s as round as
possible to make the manipulator versatile and
flexible for various tasks.

Here, we place emphasis on the first objective.
In fact, making the shape of LCAE as round as
possible in the workspace has been discussed as a
design criterion for robotic manipulators.

Note that since the weighting matrix W is a
positive-diagonal matrix, the realizable Cartesian
force subspace, Rr(JW7), is the same as the the
realizable Cartesian velocity subspace, Ry (/).
and also the dimension of the C. F. E defined by
JWT is the
manipulability ellipsoid defined by J. Therefore,
the kinematic performance function TOMM (Lee

same as the dimension of

and Lee, 1988), which represents the suitability of
manipulator configuration for a given task in
terms of the efficiency of motion generation and
the resistivity of static force, is suitable for elbow
control. This elbow control is well described
analytically in (Lee and Lee, 1990).

This kinematic control of the elbow can be
done in parallel with the task execution when the
desired acceleration is zero, I. e., at the constant
velocity phase, where the dynamic characteristics
are not dominant factors for the optimal task
addition to the
improvement for the task at the hand, elbow

execution. In performance

control can be also utilized for a certain subtask
specified at the elbow such as avoiding obstacles

® From (4a) and (4c), di”]zofbgb and Rx(°f,) is
defined as follows :
Rx("J,) SR (1) such that
3 0sl 2="7,0, ‘

¢ From (4a) and (4¢), 7,=°7,.6, and Rx(°],) is
defined as follows :
Rx(°J;) SR (%) such that
3 9/|‘Z.‘:”ff('/:’f

VaeRx("]),

VreER (],
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during the task execution.
6. Simulation

We select a 4-revolute-joint redundant manip-
ulator with a planar workspace. The elbow is
predetermined at the end of the second link. To
show the effectiveness of the task distribution
scheme developed in this paper, we display the
configuration of the manipulator with the needed
torque of each joint. The joint torque values are
displayed to show the effect of the task distribu-
tion and elbow control. For simplicity, F},,, and
Forp are assumed to be negligible.

As discussed in Sec. 4. the task distribution
factor y can be adjusted to avoid possible joint
torque limits of each manipulator which cannot
be avoided by the optimal task distribution with
a fixed y. To show the effect, we demonstrate two
different cases of task executions : y=1] (intend-
ing that the desired acceleration is generated by
only the B-ARM), and y=0_1 (intending that
the desired acceleration is generated mostly by the
F-ARM).

The workspace of the F-ARM is small such
that there exisls the possiblity that the F-ARM is
confronted with a boundary singularity when it is
the primary arm used for the task execution (for
example, y=0_1). This situation is indicated by
the value of TOMM. To avoid this situation
globally, we use elbow control in the beginning of
each task segment to make TOMM <0.3.

Simulation Environment

1. A redundant manipulator which has 4 links
(h=1iy=12m and [,=[=0.63) is selected and
each joint-torque-limit is given as gy ., = — 100
N man=—100N * m, gun=—30N -+ m,
Tomin™=— 30N * M, 1,max=100N * 7. T3,max= 100
N« 1, Bmax=30N + m. and 1 uax=30N « m.

2. All the mass of each link is assumed to be
located at the distal end of each link as a cubic

shape such that the inertia matrix /,=/. The mass
values are given as n,=10Kg, m.=5Kg, ms=—2.
5Ky and m4:l.2Kg.

3. The given task is composed of two task
segments, where a task segment is defined as a

basic unit of task which requires the same motion
and static force directions :

TS, : Move From (1.0, 0.0) To (1.5, 0.0) with
an acceleration of

10 -
jc'dZ[ 0 ]m/secz while x-position<1.25,

and ,fd:[ 0
TS, : Move From (1.5, 0.0) To (2.0, —0.1)
with an acceleration of
L 50/ /26
‘”"‘Llo/ﬁs

0 .
}m/sccz otherwise.

}m/secz while x-position<1.

~50/,26
10/,26

4. A static force of ION is required in the
direction normal to the direction of motion for

75 and ,ir'd:{ }m/secz otherwise.

each task segment.

5. Initial location of the elbow is given as (0.5,
0.2).

6. Considering the motion and static force
task, the desired
manipulability ellipsoid is defined as the princi-

requirements of the

pal axes and length along the axes, {x14 “261, ¥4

4y}, and assigned to the F-ARM (Lee and Lee,

1988). The values are given as follows :
x1a=1.0, and jx,,;=0.4 always,

“0,=[1.0 017, and “,={0 1.0]7 for the task
segment ],

di=[5//26 —1/y2617, and “9y,={1//26 5/
J26]7 for the task segment 2.
9y is given as the desired motion direction, and
9y, 1s given as the static force direction.

The desired manipulability ellipsoid is pro-
vided to guide etbow contro!l by TOMM, which is
defined as the discrepancy between the desired
actual

manipulability ellipsoid and an

manipulability ellipsoid.

Control Scheme

I. The desired acceleration, ¥,(= Xy— a2,
is distributed to the B-ARM and the F-ARM
based on the task distribution criteria with a fixed
v (refer to (31) and (32)).

2. To see the effect of changing y (changing

the task share of each arm) on avoiding the joint

torque limits, we first demonstrate two task execu-
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tion examples with different values of .

3. To follow global task requirements, such as
avoiding singularites and minimizing power con-
sumption, the elbow control (to reshape and
reorient the manipulability ellipsoid) is done in
the beginning of each task segment until TOMM
<0.3. Elbow control is demonstrated for only the
case of task execution (with y=0.1) in which the

F-ARM performs the majority of the task.

Results of Simulation
1. The task is suitably distributed to each arm,

() Manipebior Motion Trejectary
1% -

¥-potition

4 03 o

nperitien

100

Torgue 1 (B-ARM)

torl

-100
1 1.5 2
x-position
Torque | (F-ARM)

15 :

tor3

1 1.5
Fig. 3
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as can be seen by comparing the torque value for
each joint and its limit.

2. As shown by Figs. 3 and 4 by reducing the
load to the B-ARM (decreasing y), the situation
of the B-ARM reaching joint torque limits-even
though the load is well distributed to each joint-
is resolved.

3. As it is demonstrated by Fig. 4, the ampli-
tudes of joint torques are rapidly increasing when
the configuration of the F~-ARM becomes close to
stngular. There might be two reasons for the
excessive joint torques : {a) the F~ARM has low

(8} Kinwmane Parfomunre Vales (TOMM)

TOMM

Torque 2 I(B-A RM)

200

100
~
g or

2100 fooeee

-200 .

1 1.5 2
x-position
3 Torque 2'(F-A RIM)

T
=)

Joint torques variation, y=1,
Torque limits : — 100N « m<n, n<IOON » m. —30N - m<r, 5<30N-

m
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Fig. 4 Joint torques variation. y=0.1,

torque limits : — 100N » m<n,

efficiency for generating Cartesian acceleration,
and (b) the configuration of F-ARM is poor for
resisting static forces normal to the surface.

The values of TOMM indicate this situation by
a rapid increase as shown in Fig. 4(b).

4. This situation is resolved globally by the
kinematic control of the elbow in the beginning of
the second task segment, which guides the F
~-ARM to have a good configuration for the next
task segment. This is demonstrated by Fig. 5.
Note that two configurations are shown for the

<I100N « m, —30N » m<r,

n<30N « m

hand location (1.5, Q) : one configuration before
elbow control, and the other after elbow control.

5. Using the F-ARM primarily allows the task
to be executed with low power consumption and
with high position control accuracy (lLee and
Lee, 1990). Comparing Fig. 3 {using only the B
-ARM) and Fig. 5 (using the F-ARM primarily
with the elbow control in the beginning of the
second task segment), it is clear that using the F
~-ARM for high-frequency motion is good for
saving energy.



656

(0) Manipulator Motion Trapciary
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7. Conclusion
Dynamic characteristics of a decomposed
-redundant manipulator have been utilized for
the efficient task execution. That is, a task re-
presented as a desired Cartesian acceleration is
distributed to local arms forming a decomposed
-redundant manipulator depending on their local
dynamic characteristics. Through coordination

Jang Myung Lee

b} Kspemalic Performance ¥alue (TOMM)

100 Torgue 2 r(lE%-a'le\.rI)
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e
8
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1 1.5 2
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20 Torque 2 (F-ARM)
10
b
§ 0
-10
-20 A
1 1.5 2
x-position

Joint torques variation with elbow control at x=1.5, y=0.1,
&< 100N - m. —30N - m<g,

n< 3017\/' Cm

between the local arms, the avoidance of joint
torque limits and the reduction of power con-
sumption are achieved.

It was also shown that assigning more of the
task to the F-ARM is effective for both minimiza-
tion of power consumption and accurate position
control (Lee and Lee, 1990). However, the effects
of heavy load to the F-ARM, which has relatively
small workspace, may drive the F-ARM near to
singular configurations where the required joint
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torques are very large. The dynamic characteris-
tics (C. F. E and C. A. E) of the manipulator do
not directly represent kinematic performance, for
example, manipulability and static force resis-
tivity. Therefore, kinematic control of the elbow
can ke adopted to adjust the configuration of the
F-ARM to be versatile and suitable for a given
task using TOMM as a performance index. It is
suitable to contro! the elbow kinematically during
the constant velocity phase or during the low
acceleration phase, in which joint torque limits
and power consumption are not dominant factors
to be considered for efficient task execution. The
elbow control can also be used to execute a
subtask specified at the elbow, for example, obsta-
cle avoidance.

In fact, this scheme can be used as a general
tool to achieve cooperative control of macro/
micro manipulator system (Sharon et al., 1988),
vehicle/manipulator system (Yoerger and
Slotine, 1987), or a reconfigurable manipulator
systems (a serially linked manipulator system in
which the F-ARM can be dynamically replaced
for a specific task). The multiple task point con-
trol scheme is a promising method for optimal
control of redundant robot arms and confers
many advantages in real-world applications.
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